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ABSTRACT

This paper investigated the expressions and structure of the transition matrices for single - delay
autonomous linear systems on the interval [0, 4h]. Sequel to this, the paper obtained the structure
of the transition matrices when any of the system’s coefficient matrices is diagonal. The
development of the transition matrices exploited the continuity of these matrices for positive time
periods and the method of steps to obtain these matrices on successive intervals of length equal to
the delay h. The paper also discussed the analytic disposition of these matrices as well as provided
elucidating application instances to the solutions of initial function problems.

1. INTRODUCTION

The  qualitative  approach to  the
controllability of functional differential
control systems has witnessed a tremendous
surge of interests and activities for the past
fifty years among control theorists and
applied mathematicians in general. This
circumvents the severe difficulties associated
with the search for and computations of
solutions of such systems.

Unfortunately computations of solutions
cannot be wished away in the tracking of
trajectories and many practical applications.
Literature on state space approach to control
studies is replete with variation of constants
formulas, which incorporate the solution
matrices of the free part of the systems. See
Chukwu (1992), Gabsov and Kirillova
(1976), Hale (1977), Manitius (1978),
Tadmore (1984), and Ukwu (1987,
1992,1996). Regrettably no author has made
any attempt to obtain general expressions for

X(t) = AX(t) + AX(t—h), te R

where A,and A, are nxn constant matrices.

such solution matrices involving the
delay h. The usual approach is to start from
the interval [0,h] and compute the solution
matrices and solutions for given problem
instances and then use the method of steps to
extend these to the intervals [kh, (k +1)h], for
positive integral k, not exceeding 2, for the
most part. Such approach is rather restrictive
and doomed to failure in terms of structure
for arbitrary k. In other words such approach
fails to address the issue of the structure and
computing complexity of solution matrices
and solutions quite vital for real-world
applications. The need to address such short-
comings has become imperative; this is the
major contribution of this paper, with its
wide-ranging implications for extensions to
more general systems and holistic approach
to controllability studies.

We consider the class of single-delay
differential systems

@D

Let Y (t) be a generic solution matrix of (1) for any t e R, where

Y- |, t=0,
10, t<0.
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and 1, is the identity matrix of ordern. Let J, =[kh,(k+1)h],k €{0,1,--}.
By the definition of solution matrices,

Y(t)=AY({)+AY({t-h)ae teR
Hence

e M YD) -AY (D) ]= %[e"w (t) |=AY(-h) ae

The transition matrices will be obtained piece — wise on successive intervals of length h.

2. THEORETICAL ANALYSIS
2.1 Theorem: Transition Matrix Formula for Autonomous, Single - Delay Linear Differential

Equations (1) on [0, 4h]
Let Y (t) be the transition matrix of (1). Then

e, ted,; (2)
t

et +jeA°("s)A&eA°‘S’h)ds, ted; 3)
h

t t S,—-h
Y(t) =1en +JeA°(“5)Aie”“(s‘“)ds+I j eh) peht A Ngsds, ted,;  (4)
h 2h h

t t s,—h
ertJr‘[er(tfs)A&er(sfh)de I eh (7% peh(27s pgh s s,

h 2h h

t s3—h s,-h

+ I J‘ J. eAO(t_SS)AieAO(s3_h_SZ)Aiepﬁ(Sz_h_sl)Aepﬁ(sl_h)dsldszds:a’t c J3 (5)

3h 2h h

Proof

On (0,h), Y(t—h)=0=Y(t) =AY (t) ae. on [0,h]=Y () =Y,(t) =e*C;Y(0) =l =C=1_
=Y(t)=e*onJ, (6)

Consider the interval J,. Then on (h,2h),

t—he @)=Y ) =AY®)+Ae " ji[e%tv(t)]ﬂ’*" [Y () - AY 1) ]= Aeh"

- %[e”’“‘Y )] =eM[YO-AYE) = MAeP D = e ™Y (t)—e Y (h) = i e Agh s

t
=Y(t) =e""(““’Y(h)+J‘eA““‘S)Ale’°“(S‘“)ds, on J,.
h

t
Y(h)=e*" =Y (t) =e™ + [e* ) AeCMds, onJ, (7)
h
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Consider the interval J,; thenteJ, =>t-helJ, =s,-hel,.
te(2h, 3h) =Y () —AY(t) =AY (t—h) =e™ %[e—w () |=AY(t-h)
t
=Y (t) =e“2MY (2h) + j eh 2 AY (s, —h)ds,
2h
t s,—h
=Y (t) =Y (2h) + J. ehm) | pgfle | .[ gh W pAehgs s, onJ,
h

2h
By the continuity of Y (t), Y (2h) =e*™ + _feAﬂ‘Zh’sl)Ale”“(sfh)dsl. Therefore,
h

2h
Y(t) = e™ +J.e’°°“‘51)AleA°(sl‘“)dsl

t s,—h
+'[e'°(>(t Sz)Aier(sz h)ds +J. J. e'%(t Sz)Aier(Sz $1— h)AieAO(Sl h)ds dsZ’ on J

tsh

=Y (t) =e™ +Ie”“‘t I AN h’ds+_|. j e peha M Aeh Vs ds), ond, (8)
Clearly,on J,,

t
e ™Y () —e "y (3h) = j e "M AY (s, —h)ds,

e

—h
i
+
3h
t 2h s3—h
:>Y(t): J.e’AO(t*S3)Ai eAO(szh) + IeA:)(S37hfsl)A-eA0(slfh)dSl+ I eAO(S37h752)AleA:)(527h)dSZ dS3
3h h 2h

+i

3h  2h

s;-h sz—h

h[ e‘%%Ale’*)(s‘a‘h‘sz)A_LeAﬁ(32‘“‘51)Ale”b(sl‘h)dsldszds3
2h

s3~h s,~h

I[ eMo-sy e%(sg h— Sz)pie'“o(sz s S‘l)pieAO(s’l h)dslds ds,

3h s,—-h

t 2h
:>Y(t) eAVJt J‘eAO(t SS)AeAJ(S?, h)ds + J. J‘eA()(t 53)AeA0(S3 —h- Sl)AieAO(Sl h)ds dS

3h h
t

8$37h
n f J‘ew—sg) AP E %) g eA Mg s

3h 2h
s3-h s,—h
+ j 3.[ _[ e (5 17%) p ghol ) A e dis, ds,
3h 2

3hs,—h
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s,—h

t t
Agt A h - —h- ~h
:>Y(t)=e ot 4 je o (t= 51) Ay (51— )ds +I J. eA(,(t SZ)AieAO(SZ Sl)Aier(% )dsldsz
h h

2h
t S3~h s,-h
+[ r[ %) peh ) Al A AN gs ds ds, ona,  (9)
3h 2h

This completes the proof.

2.2 Investigation of Analyticity
Y(t)=0Vt<0= Iier(t) =0, Iier’(t) =0;Y(t) =e™ Vt [0, h]:>|irg1Y(t) =1, Iier'(t) =A,.
t—0" t—0" t—0" t—0"
Therefore Y (t) is not continuous at t =0 and certainly not differentiable there. It follows that
Y (t)is not analytic at t =0.
limY (t) = Ae™"; I|mY(t) A I|mY(t)+A1 I|mY(t h) =AY (h)+AY (0)=Ae™ +A,

t—h"
by the continuity of Y (t) for t >0 and the appropriate evaluations using the interval J, for the

left limit and J, for the right limit. Alternatively, we apply Leibniz’s rule for differentiating an
h
integral to limY (t) to obtain Ae®®"™ + Ae®™™ 0+ J' Aeh 9 AR Ids = Aeh + A,
t—h*

Therefore Y (t) is not differentiable at t =h and hence not analytic there.

lim Y(t)=A lim Y(®)+A lim Y(t—h) =AY (2h)+AY (h), by thecontinuityof Y (t), ¥t > 0

t—>(2h) t—>(2h)” t—(2h)

= lim Y(t)= Ae*™ + J‘ AehEI AN Gs - A"
h

t—(2h)"
2h
= A" + AN + .[ AeHE AN

lim Y (t) = Ab Ilm Y(t)+Ai Ilm Y (t—h) =AY (2h) + AY (h), by the continuity of Y (t), vt >0

t—(2h)*

= lim Y(t)=AY(2h)+AY(h)= A{ +je%<2“‘%>ae%<%‘h’dsl}

t—>(2h)*
h
h

2h
= A+ AP 4+ J‘e%(Zh—so Ae® s .
h

The same result is obtainable using Leibniz’s rule, verifying the consistency of our results and the
differentiability of that solution matrix at the indicated point.

Let us examine the left and right limits of the second derivative at t = 2h.

c(2h3n)= lim Y(O)=A, lim YO+A lim Y(t-h)

t—(2h)

= A"+ A AR + A j e AP Egs 1 A A RN 1 A?
h
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2h
= ['AbAﬁ Aipb]e/\;h + AZe?AN L A1 A Ieﬁo(zh—sl)AieMsl—h)dsl
h
tE(Zh’3h):>tl'(2ﬂ,Y(t) = Aotl'(rzﬂ)—Y(t)JrAitl'(;?)—Y(t_h)

2h
= A {A‘)e“‘)h +Ae™" + J' e pehENgs |+ A ARD"
h

2h

= [AA+AA [+ A A w[ P Aehtds = lim V(1)= lim V(O +A

= Y (t) does not exist at t =2h and hence Y (t) is not analytic there.

Straight — forward application of Leibniz’s rule yields

t 2h
Iim Y(t) — |:A)eAOt + A&eAO(t’h) + A) J. ept)(t_sii)AleAﬂ(S?,’h)dSs + J AieAO(SBhSl)AleAO(Slh)dsl:|
3h h

t—(3h)+
t
+| A .[

3h

t=(3h)*

2h
.[eAO“S?')AieA‘)(SE‘hsl)A&eA“(sih)dsld%} +0+0
h t=(3h)*

2h 3h 3hs,-h
+ AO I:J‘ e%(Sh_%)Ae%(%_h)dsl + J. eAO(3h_52),AleAO(52_h)dSZ + .[ J. eAO(Sh_SZ)AleAO(SZ_h_Sl) AieAU(Sl_h)dSldszj|
2h 2h h

h

t—(3h)*

2h
= lim Y(t)= [Abe“““ + A" + I A&e”“‘Z“sl)Ale”“(slh)dsl}
h

3h 3h s;—h
A [ J‘ g™ (h-s) p g5 Mg | .[ ZJ‘ g (Eh-5) p gho(s2-h-s) Ale/sn(sl—h)dsldsz}
h 2h h
3h
t=@h) =ted, = Ii(r31h1)7Y'(t) =A {e“"“ + J'e’*)("*h‘sl)A&eA“(sl‘“’dsl}L Ae*h"
- h

2h 3h s,-h
+J. AleAO(thsl)AeAO(slfh)dSl + A) J. J. e/'\)(?’hfsz),AleAO(Szfslfh)AieAO(Slfh)dsldsz
h 2h h

= Ii(m Y (t) = Ii(grh1) Y (t) = Y(t) is not differentiable at t =3h, and hence not analytic there.
t—(3h)* t—(3h)~

We conclude that Y (t) is analytic on the interval [0, 4h) except on the set {0,1,2,3}.
See Chidume (2007) for discussions on analytical functions.
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3. RESULTS AND ANALYSIS

3.1 Corollary
If A,=0,then
I, ted,;

I, +A(t-h),teld;
Y1) =11 +A@—hy+ A E=20° 22Ih) ted,:

2 3
In+A1(t—h)+Af%+Af%

3.2 Corollary

If A, =diag(b), then

eA"t, teldy;

e™ +bh(t—h)e™"™" ted;;

Y(t) = ert +b(t_h)er(t—h) +b2 (t_Zh)2 er(t—Zh)’t c ‘Jza

21
e +b(t—h)e™ "™ +p? “‘Z—Zlh)ze“““z“) +b? (t_:%—%h)se%“‘s“), teld,

3.3 Theorem: Generalization of Theorem 2.1 for A, =diag(a).
Consider the system (1) with A, =diag(a). Then the transition matrices are given by

at .
e, ted,;

Y(t) = kK. (t—ih)’ _
() eat|n+ZAll%a(t—m)’teJk_
i=1 .

Proof
The theorem is valid fork €{0,1,2,3}, as seen from the last corollary. Assume the validity of the

theorem for te J ,4 < p <k, for some k>5.Thenon J, ,,

t
o (t-k+1]h 0 (=S4
Y () =Y [k aghy+ [ e AY (s, —h)ds,
[k+1]h
k TN
_ pa(t-[k+1]h) jalk+1]h a(t-[k+1]h) i ([k+1-i]h) a[k+1-i]h
=e el 4+ izzl:Al T e

t k H i
+ J' ea(t_skﬂ) A1 |: | nea(3k+1—h) + Z A]I_ (Sk+l — I-:II+1]h) ea(3k+1—[i+1]h i| dsk+1
i-1 I

[k+1]h

—1 eat + ZAI ([k +1 |]h) palt-in) +A1(t_[k+l]h)ea(t—h)
| (Seq =1 +1]h)i+1 a(t-[i+1jh) t
A [ T Lﬂh
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ol ZA1 ([k +1 |]h) palt-in) LA [k+l]h)ea(t h) +ZA1|+1 (t-i +1]h)|+1 palt-Li+1In)

(i+D)!
IZl: A ([k(| l]lf)l? " galk-iln)
e S EI i g S Y
kZ”:Al.([kJrl ilh) o1
16 + A (kh)e*™™ + A (t—[k +LJh)es™ kf:A' (t- 'h) g2t
= 1,"+ A (t—h)e*" h)+ZA1' kf:A; 'h) M ted,

completing the proof of the theorem.

Remark 1: The special case A, =0.

l,.ted,
Ay =0=Y(t)= k. i (t—ih)’
° n+§A1 - ted k21
Remark 2: The special case A, =0 and A, is nilpotent of index p <k, then
l,.ted,
Y (t _
(t)= ZAl,(t |h) 3 K>l

3.4 Theorem: Generalization of Theorem 2.1 for A, =diag(b).
If A =diag(b), then
e teld,;

Y(t)= |
Zb' (t=ihy 'h) e tel,, k=1

Proof
The theorem is valid fork €{0,1,2,3}, as seen from the last corollary. Assume the validity of the

theorem for te J ,4 < p <k,for some k >5.Thenon J, ,,

t
Y (t) = ey ([k +13h) + j e IAY (s, —h)ds,

[k+1]h

Y () = Pt (eAO[kﬂ]h N Zk:bi ([k +ZI:— ilh)’ eAO([kﬂi]h)j

i1 I!

t k - i
+ J‘ er (t*5k+1)b |:er (sk—h) + Z bi (sk+1 — I-:Il + 1]h) er (Sgsa—Li+1]h) :| dsk+1
[k+1]h i= I
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([k +1 iJh i
:>Y(t)=e zbl [ ] ) /'\o(t ih)

t - i .
+ b(t_[k+1]h)er(t—h)+Zbi+l .[ (Sk+1_|.:l+1]h) er(t—[|+1]h)dSk+l

i=1 [k+1]h I!

=Y()= e’ Zb' (k +1 ']h) Qo (t-i)

. it t
b(t —[k +1]h)e™ " {me (S —0-+10)" er“-[”ﬂ
i=1

@i+1! (e 1Jh

k S TAY )
=e™ 1+ (AL grom e[+ 1gnye™

Y il

w (=L +100)™ pAot-Ti+1I0) v ([k=iTh)"™ oo L)
+Zlb (i+1) DX (+D)!

Zb. (k +1 |]h) &M etk +1]h)e

k+1

Zb. lh) pholt-ih) _kibi ([k +1_|—i]h)i RS
i—2 1

ih)’ pAolt-ih)
il

+b(t h)er(t h Zb, (t— Ih) Pl _ At %b' Ih) G

proving the theorem.

P b(kh)e™ ™ +b(t —[k +1]h)e™ "™ + Zb' (t=

3.5 Application to Variation of Constants formula
Consider the single — delay system

X(t) = AX(t) + AX(t—h) +Bu, where A, =( 8 (;)J,Alz[ 8 tj B:[éj

Obtain the explicit unique solution to the free part (uncontrolled part) of the problem on the
t+1
interval [0,0), given the initial function ¢(t) :( 1 J,on [-1,0].

Solution
The unique solution to the free part of the initial function problem is given by

X(t, #) =Y (£)$(0) + Tv(t —s—h)Ag(s)ds, t>0

There is no direct straight-forward application of the above formula in one fell swoop— a fact that
is hardly emphasized by control practitioners. The method of steps must be applied by reasoning
as follows:

se[-h,0]= -s—he[-h,0];t €[0,h]=t—-s—he[t—h,t]c[-h,h];t—s—h >0 iff s<t—h.

From (1) and Remark 1, we obtain the following.
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0,s>t—h
OnJ,, Y(t—-s—h)=
l,,s<t-h

Noting thatt —s—h >0=1t—-s—h e (0,h], we conclude that on the t — interval [0, h], with h =1,
1) "0 1)(1+s
t,¢,0) = d
wso-i)+f[s o )
1) #(0 1)\(1 1 t 1+t
t,$,0)= ds = = ,teld,.
o0-{yJ+ g oo Aol

te[L2]=>t—s—he[0,2];t—-s—h>1 iffs<t-2,i.e.,se[-Lt-2];t—s—h<1liffse[t-2,0].

vit ! l,, 0<t—-s-1<1
—S— —
( ) I, +A(t-s-2),1<t-s-1<2

Hence

X(t, 4,0) = [ln +A(t —1)]¢(0) +T[|n +A(t —s—2)] Ap(s)ds + T | Ap(s)ds, ted,

(o 2+ toﬂ@fﬂ(lé HEER F 0 R o

_ t}+t.—|,2 1jds+j.[1jdsz[tj+j.(l ds=(t+1j Indeed, x(t,(/ﬁ,O):[
1) d10)" "o ) o 1

-1 -1

g
t1+1j

is nilpotent of index 2. To see this note that

Y(t) = In+A1(t—1)=(; tll} vied, k=2 Y(t)¢(0)=@, t—s—le[k-1k].

Hence t-s-1>0= x(t,#,0) = (tj+j(1 t=s- 1}(0 1] 1+S]ds_(t+1J
e 0 0 0)l 1 L)

bt?
s+1 -
L jds= 1+ 2 |, tel,.

1+bt

s & 0 RIS 6 L

X(t,¢,0) = 3+tf [; 2}{8 t_Z_zﬂb(lisjds+ib(lzsjds,teJl

If A =diag(b),then x(t,¢,0) = (3+Tb(
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t2
bE+[1—b]t+b

t2
t ——t+1
=1 +b| 2 =
1

b+1

tel k=2=Y(t)=1, +Zb—'| (t-i) _( (1)]+

k=1 Rl

't

el

b' ([t—i] 0
gﬁ( 0 [t—i]‘}

=>t-s-1leJ ,=>Y({t-s-1)=1 +Zt_)—lln(t—s—1—i)i
i:]_ I.

b' i
i . —[t-i] +1
1 0) &b ([t-s-1-i] 0 k1
= — [ Y(®)e(0) =
(0 1};“[ 0 [t—S—l—i]'j 090 -2:1: —[t-i]' +1
i!
Therefore,
b’ i
—[t—i]'+1| o 4 pitl i
Rlnl b 0) &b ([t—-s-1-i] 0 s+1 _
x(t,¢,0)—§ b_i[t_i]i+1 +‘[1H0 bj+iz_1“ T ( 0 [t—s—l—i]‘ﬂ( ) jds,t Je
b—i[t—i]‘+1 |
3| ! +T b(SH}Lkibiﬂ (oo~ Ny te g, k22
i=1 b_i[t_i]i+1 ] 1 iz ! ['[—S—:l.—i]i 1 K
il

l?—'[t—i]‘+l 1
tl). +b| 2
_—'[t—i]‘+1 1
il

=l

We can use integration by parts to obtain

k-1

_1_ i)i+l

k-1

-2

+ T {Jrkl b [[t s i]i(_s.ﬂ)ﬂds,t e k>2
he' [t—s—-1-i]

bi+1

Zj bii:l [t-s-1-i](s+Dds=-5 &

i=1

(i+1)

i=1 _

= X(t,4,0) = (k(k;l) > Pl

i=1

k-1 bi+l |+l k-1 i+l

) 2o T 2

< bi+l i+1 i+1

;(Hl)'[(t —1-i) - (t-i)™
CONCLUSION

This article obtained the expressions for the
transition matrices of (1) on the finite
interval [0, 4h],with explicit determination of

their analytic dispositions; in the sequel it

JGJ+b %

i=1

38

i 2)![(t —1-0)" = (=) | k2 2

[(t-1-1)"" = (t-i)"* ]

yted k=2

obtained global results on the transition
matrices of (1) for various diagonal and
nilpotency contingencies of the coefficient
matrices in (1), effectively obviating the
need to start from the interval [0,h] in order
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to compute the transition matrices and
solutions for problem instances and then use
successively the method of steps to extend
these to the intervals [kh,(k+2)h], for
positive integral k. The implications are
wide-ranging. By applying the generalized
results on the intervals
[kh, (k +1)h],k €{0,1,- -}, the solutions of the
corresponding initial function problems can
be more readily obtained. Furthermore
appropriate controllability Grammians can be
constructed and consequently the issue of the
feasibility of admissible controls for transfers
of points associated with controllability
problems can be settled, based on the non-
singularity or otherwise of the Controllability
Grammian; needless to say that the
appropriate  optimal control can be
constructed for a problem instance if the
Grammian is invertible.

Finally, the article demonstrated an aspect of
its utility by solving an initial function
problem on the interval [0,%). The solution
process revealed that the transition matrices,
which are key components in the variation of
constants formula, cannot be rightly applied
without the correct determination of their J,

domains; glossing over this fact would
render the resulting solution deeply flawed.
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