
Asian Journal of Natural & Applied Sciences    Vol. 6(4) December 2017 
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 
 

Copyright © 2017              Leena and Luna International, Chikusei, Japan. 

 21  |  P a g e                (株) リナアンドルナインターナショナル, 筑西市,日本 

ISSN: 2186-8476,  ISSN:  2186-8468 Print 

www.ajsc. leena-luna.co.jp 

 

HIGH ORDER A-STABLE BLOCK ETR2s AND THEIR APPLICATION 

TO SYSTEM OF FIRST ORDER ODES 

Awari, Y.S
1
, Garba, E.J.D

2
,  Kumleng, G.M

3 

.
 Department of Mathematics, University of Jos, Jos. NIGERIA. 

1
awari04c@yahoo.com 

ABSTRACT 

An eighth order block Extended Trapezoidal Rule of Second kind (ETR2s) is presented 

for the numerical integration of stiff system of first-order ordinary differential 

equations. In the derivation process, we adopt the power series approach which leads 

to a system of equations that would be solved simultaneously in block form to 

generate approximate solution for the differential equations. The stability properties 

of the method are also presented. Some test, reported to emphasize pros and cons of 

the method.  

Keywords: Extended Trapezoidal Rule of Second kind, Stiff System, Power 

Series, A( )-Stability Scientific Computation, A-Stable Method, Ordinary 

Differential Equations, and Collocation Method. 

INTRODUCTION 

Numerical solution for ordinary differential equations (ODE’s) have great importance in 

scientific computation, as they were widely used to model in representing the real world 

problems. The commonly used methods to solve ODE’s are categorized as one-step methods and 

multistep methods, which Runge-Kutta methods represent the former group and Adams-

Bashforth/Moulton represent the latter group [9]. 

Over the years, several scholars have proposed the collocation method as ways of generating 

numerical solutions to ODE’s. The collocation method is dated as far back as in the 1950’s in the 

research conducted by Lanczos [12] and Brunner [3]. 

Scholars such as Onumanyi et al. [15], Fatunla [8], introduced other variants of the collocation 

method leading to the continuous collocation approach. The advantages of the continuous 

collocation method over the discrete ones include the following: 

(i) Better global error can be estimated  

(ii) Approximations can be obtained at all interior points. 

Thus, the introduction of the continuous collocation method is to bridge the gap between the 

discrete collocation and the conventional multistep methods [14]. 

We seek to propose a new numerical integrator for the solution of first-order ordinary differential 

equation of the form:  

))(,( xyxfy  ,
00 )( yxy  , bxa                                                    (1) 

with initial conditions 

where,f is continuous within the interval of integration, we assume that f satisfies Lipchitz 

condition which guarantees the existence and uniqueness of solution of (1). 

The general k-step method given by Lambert [11] is written in the form: 
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where, j and j are coefficients of the method to be uniquely determined, h  a constant step 

size and k  the step number. 

We propose in this study a basis function of the form: 
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Equation (3) can now be used to generate the high order A-stable block ETR2s method. 

DERIVATION PROCEDURE 

Consider the polynomial function: 
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Over each of the sub-interval ),( pkk xx  of ),( ba where, m is appropriately chosen. This shall 

be used as basis function to derive the LMM in continuous form. 

The technique which is being employed is using the trial or basis function 
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This satisfies the unperturbed ODE: 
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Collocating equation (6) at )5( n points njx jk ,...,4,3,  and interpolating the trial 

polynomial   (5) at 6,...,2,1,0,  jx jk
to give the require )2( n equations for the unique 

determination of j . 

Doing this, we write 
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 To derive the eighth order block ETR2s method, we set, 7n in the equation (5), so that  
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From equation (7), we have 
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Using equation 8 in 9, we obtain the following equations 
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Representing this in matrix form yield 





























































765432

765432

8765432

8765432

8765432

8765432

8765432

8765432

131072286726144128025648810

1749665103145840510827610

167961627993646656777612962163661

390625781251562531256251252551

655361638440961024256641641

656121877292438127931

2561286432168421

1

000000001

















 

 

 Tkkkkkkkkk

T

ffYYYYYYY 43654321

876543210




 

Solving for 8,...,2,1, ii we obtained 

kY0  

http://www.ajssh.leena-luna.co.jp/


Asian Journal of Natural & Applied Sciences    Vol. 6(4) December 2017 
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 

 

 

ISSN: 2186-8476,  ISSN:  2186-8468 Print 

www.ajsc.leena-luna.co.jp 

Leena and Luna International, Chkusei, Japan.                                  Copyright © 2017 

(株) リナアンドルナインターナショナル, 筑西市,日本                                                                               P a g e |  24      

 

kkk

kkkkkk

Y
h

ff

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

30

91
4580

3

1

5

36

2

165

3

1604512

43

6543211









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

243

6252423212222

720

2713

4

501216

45

43

5

102

16

3629

9

1376

5

122114









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

34232

6353433323133

135

343

4

553

9

2065

2160

2369

20

461

3

739174

16

1801

60

1249









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

44333

6454443414244

8640

8869

48

3829

9

1141

4320

2869

60

821

576

80287103

180

1741

96

5573









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

54434

6555453525155

2160

553

4

105

36

1435

108

25

240

1117

48

2153

2

69

6

103

48

127









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

64535

6656463616266

4320

167

24

119

36

259

2160

101

80

73

288

2381

12

79

720

307

16

47









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

74636

6757473727177

2160

7

2

1

36

25

2160

11

240

23

16

13

3

2

48

13

80

3









 

kkk

kkkkkk

Y
h

f
h

f
h

Y
h

Y
h

Y
h

Y
h

Y
h

Y
h

84737

6858483818288

8640

1

48

1

36

1

4320

1

240

1

576

19

36

1

720

1

96

1









 

Substituting in equation (8), we get 
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On evaluation of (10) at some end and interior points, we obtained the following equations 

whose coefficients are presented in table 1 and 2. 

Table 1. Coefficients of 7,...,2,1,0,ˆ ii  

Eqn.      
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Table 2.  Coefficients of 7,...,2,1,0ˆ
, ii  

Eqn.            0̂             1̂               2̂                   3̂                    4̂                 5̂                6̂               
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STABILITY ANALYSIS OF THE HIGH ORDER A-STABLE BLOCK ETR2S 

In order to ascertain the accuracy and suitability of our method, we shall investigate its basic 

properties such as order of accuracy, error-constants, consistency, zero-stability and convergence. 

Order of Accuracy and Error Constants 

The local truncation error is computed using the equation 
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Definition 1 

Equation (12) and the associated continuous linear multistep step method presented in table 1 

and 2 are said to be of order p if pcccc  ...210  and ,01 pc 1pc is called the error 

constant and the local truncation error given by 
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Using (12) and definition (1), we compute the order and error constant for the first equation in 

table 1 and 2, as 
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Using this approach, we can compute the order and error constants for the remaining set of 

equations in table 1 and 2. Thus, giving us a uniform order which is presented as 
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Consistency 

Definition 2  

The LMM presented in table 1 and 2 is said to be consistent if it satisfies the following conditions  

The order 1p  
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),1()1(    where, )(r and )(r are respectively the first and second characteristic 

polynomials of the individual equations. 

Using the second equation in table 1 and 2 for illustration purpose, we get 
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1)1()1(    

We have therefore established that the method is consistent. 

Zero-Stability 

Definition 3 

The block method (table 1 and 2) is said to be zero-stable, if the roots kii ,...,2,1,  of the first 

characteristic polynomial )( defined by    )0(det)( A  satisfies 1i and every root 

satisfying 1i have multiplicity not exceeding the order of the differential equation. Moreover, 

as ,0h    1)(  r
where is the order of the differential equation, r is the order of 

the matrices )0(A and  (Awoyemi et al., 2007). 
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Thus, our block method yields 
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,0)1()( 6   ,0... 621   17  . Following definition 3 and from (14), our 

eight order block ETR2s method has been shown to be zero-stable. 

Convergence 

Definition 4 

The necessary condition for an linear multistep method to be convergent are that it be consistent 

and zero-stable (Dahlquist, 1956; Henrici, 1962; Fatunla, 1988; Lambert, 1991).  

Since the newly developed eight order block ETR2s method has been shown to be consistent and 

zero- stable, it is therefore convergent (definition 4). 

STABILITY REGION OF THE BLOCK METHOD 

The main difficulty associated with stiff equations is that even though the component of the true 

solutions corresponding to some eigenvalues that may be becoming negligible, the restriction on 

the stepsize imposed by the numerical stability of the method requires that h  remain small 

throughout the range of integration. So a suitable formula for stiff equations would be the one 

that would not require that h  remains small [16].    

Definition 5 

The stability region R associated with a multistep formula is defined as the set  

} as 0 that satisfying  )( sequence a produce

,0 stepsizeconstant with ,)(,  toapplied formula numerical a:{

0

00





nyy

hyxyyyhR

n


    

Definition 6 

A linear multistep method is said to be )(A -stable, )
2

,0(


  if it’s region of absolute stability 

contains the infinite wedge }arg{   hhW .  
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Figure 1: Stability region of the eighth order block ETR2s method 

Definition 7 

A linear multistep method is said to be A -stable, if it’s region of absolute stability contains the 

whole of the left hand complex plane. 

NUMERICAL EXPERIMENT 

In order to assess the performance of our block ETR2s method, it was applied to the integration 

of some specific systems of first order ordinary differential equations.  

Ricatti equation 

Let us consider the following Ricatti equation (Abramowitz and stegun, 1972) 
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Figure 2: Solution Curve for problem 5.1 

5.2 A numerical example solved by Mehdizadeh et al., 2012 which was reported by Cash, 

1981.  

xeyyy  )1(211                                                     

xeyyy  )1(212                           

with initial value 
Ty )1,1()0(  . The required solution is

xexyxy  )()( 21 . Results are 

obtained when ,1  30 and 09.0h are chosen. 

       

Figure 3: Solution Curve for problem 5.2 
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5.3: Consider the Lorenz Equations reported by Ya Yan Lu
 

      𝑦1
′ = 10(𝑦2 − 𝑦1)  

     𝑦2
′ = −𝑦1𝑦3 + 28𝑦1 − 𝑦2  

     𝑦3
′ = 𝑦1𝑦2 −

8

3
𝑦3  

     𝑦1(0) = −11.3360 , 𝑦2(0) = −16.0335,  𝑦3(0) = 24.4450, 0 ≤ 𝑥 ≤ 40, ℎ = 0.02        

                                      
Figure 4: Solution Curve for problem 5.3 

5.4 We consider the given linear stiff system on the range 200  x  which is highly 

oscillatory with all of its eigenvalues near the imaginary axis. 

211 5010 yyy                  1)0(1 y  

212 1050 yyy                  1)0(2 y  

433 20040 yyy               0)0(3 y  

434 40200 yyy                1)0(1 y  

655 22.0 yyy                    0)0(2 y  

656 2.02 yyy                    1)0(3 y  

This problem has also been solved by Rockswold [17] 

0 5 10 15 20 25 30 35 40
-30

-20

-10

0

10

20

30

40

50

T

y

 

 

y1 ETR2s 

y2 ETR2s 

y3 ETR2s 

y1 ode23s

y2 ode23s

y3 ode23s

http://www.ajssh.leena-luna.co.jp/


Asian Journal of Natural & Applied Sciences    Vol. 6(4) December 2017 
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 
 

Copyright © 2017              Leena and Luna International, Chikusei, Japan. 

 33  |  P a g e                (株) リナアンドルナインターナショナル, 筑西市,日本 

ISSN: 2186-8476,  ISSN:  2186-8468 Print 

www.ajsc. leena-luna.co.jp 

 

  

Figure 5: Solution Curve for problem 5.4 

CONCLUSION 

In this paper, we developed an eight order block Extended Trapezoidal Rule of Second kind 

(ETR2s). Our block method is shown to be A-Stable (Fig. 1) and so very suitable for stiff system 

of ordinary differential equations. Consequently, Our newly derived eight order block ETR2s is 

shown to compete favorably with the well known MatLab Ode solver Ode 23s (fig. 2-5). 
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